Abstract-This paper is concerned with the application of robust control design concepts for the physical geometric design of electrohydraulic valves. Currently, limitations of solenoid actuators have prevented single stage electrohydraulic valves which are simpler and more cost effective from being utilized in high flow rate and high bandwidth applications. Fluid flow force induced instability has been proposed as a means to alleviate the demand on the solenoid actuators. Previous research has demonstrated that simple changes in the valve geometry can be used to manipulate both the transient flow force as well as the steady flow force for this purpose. This paper considers the dimensional design of such "unstable" valves to minimize the net steady flow force. The robust optimal design method, in which the design must be robust to uncertainties such as variations in operating pressure ranges and dynamic viscosity, etc., is proposed. By representing the original problem as a linear fractional transformation interconnection, the robust design problem is formulated into one of synthesizing an optimal controller for an appropriate static plant with a structured uncertainty. An algorithm for solving this design synthesis problem is proposed. A case study is conducted to compare the nominal optimal (without considering uncertainty) and the robust optimal designs. It is shown that viscosity effect is exclusively utilized in the nominal optimal design, whereas both the viscosity effect and the nonorifice flux effect are needed in the robust optimal design. The robust optimal design imposes smaller steady flow force on the spool than the nominal optimal design under perturbed situations. Based on the robust design method, an actual prototype design of the unstable valve has been developed.
I. INTRODUCTION

I
N SINGLE stage direct acting electrohydraulic valves, the main spools are stroked directly by solenoid actuators. They have advantages over multistage electrohydraulic valves in being low cost, easy to maintain, and insensitive to contamination. However, in high flow rate and high frequency applications, the force and power requirement for the solenoid actuators become prohibitive due to the significant flow induced forces. The approach we adopt is to propose new valve geometries that utilize the fluid flow force induced instability to enhance the spool agility without increasing the requirements on the solenoid actuators. By subsequently stabilizing the spool Previous works have demonstrated that simple changes in valve geometry can be used to manipulate both the transient flow force as well as the steady flow force to induce spool instability [1] - [5] . The unstable phenomena are largely controlled by the following design parameters: 1) the damping length ; 2) a geometry constant determined by the inner and outer radii of the valve chamber; and 3) the nonmetering orifice momentum flux coefficient which is determined by the angles of the nonorifice ports to the spool axis. Both the sign and the magnitude of the transient flow force induced damping coefficient are directly related to those of [1] , [2] , [6] , the viscosity induced stable/unstable steady flow force is affected by [3] , and the nonorifice momentum flux component of the stable/unstable steady flow force is affected by [4] , [5] .
This paper addresses how to choose these design parameters , and such that the steady flow force (that the solenoid actuator must act against) is minimized while keeping the valve size reasonable. In addition, the design must be robust to model uncertainties, flow ranges, and variation in operating conditions such as operating pressures, temperature, and fluid viscosity.
The robust optimal design problem is posed as a min-max optimization similar to that in robust control theory [7] . By showing that the relationship between design parameters, perturbations, and the objective function can roughly be represented as a linear fractional transformation (LFT) interconnection, the valve design problem of finding the optimal set of geometric parameters becomes equivalent to one of designing an optimal robust performance controller for an appropriate static plant with a structured uncertainty. This reformulation then enables us to apply to our problem, an extension of the result in [8] for synthesizing robust optimal controllers for static plants. The optimal solution based on this approach is then compared to the nominal optimal solution in a case study. The study shows that in the presence of perturbations, the unstable valve should utilize both the viscosity effect and the nonorifice momentum effect to minimize the steady flow force. This results in a different answer from the perturbation free case, in which the viscosity effect is exclusively utilized to zero out the steady flow forces over the full range of the orifice opening.
The rest of this paper is organized as follows. Modeling and the design problem formulation are presented in Section II. In Section III, the nominal optimal design over the space of the design parameters is addressed, without considering perturbations. Section IV presents the robust optimal design methodology. In Section V, the comparison case study of nominal and robust optimal solutions is discussed. The physical implementation based on the robust design scheme is presented in Section VI. Section VII contains some concluding remarks. II. MODELING AND PROBLEM FORMULATION Fig. 1 shows a typical critically centered, matched, and symmetric four-way flow control valve [1] . The A and B ports are connected to the load (hydraulic actuator), the is connected to the supply pressure, and ghe ports are connected to the reservoir. In a single stage valve, the spool is stroked directly by solenoid actuators. The spool displacement in turn controls the area of the meter-in and meter-out orifices (the assumption that the valve is matched ensures that both orifices have the same area).
is defined to take on the sign of . For instance, Fig. 1 shows the case where . As the fluid flows through the valve, the fluid flow imparts flow forces on the spool, which must be overcome by the solenoid actuators. The flow force is the reaction force from the spool on the fluid volume. The latter can be computed, for a given flow and valve opening, by considering the axial momentum balance of the fluid volume in each valve chamber [4] , [5] . The flow force consists of the following: 1) fluid momentum flux at the two metering orifices; 2) fluid momentum flux at the two nonmetering ports; 3) viscous force between the fluid and the valve sleeve; 4) D'Alembert force due to the acceleration of the fluid volume. The flow force component due to the last item is the transient flow force since it arises when the flow rate is varying. The first three items constitute the so-called steady flow force. This paper is concerned with the steady flow force only.
The resultant steady flow force acting on the valve spool is given by [4] , [5] (1) where the three terms correspond to the momenta at the metering orifices and at the nonmetering ports and to the viscous effect, respectively. In (1) , is the flow rate, is the fluid density, 69 and are the effective vena contracta angle, and the contraction coefficient of the metering-orifice, is the fluid viscosity.
is the combined coefficient for the nonmetering port momentum flux, where and are the momentum fluxes at the nonmetering inlet and outlet ports. In [4] and [5] , it is shown that can be manipulated to some extent by varying the angles of the nonmetering ports to the spool axis. is the damping length which is defined to be (see Fig. 1 ). It plays important roles in the stability of both the transient [1] , [2] and the steady [4] , [5] flow forces. is a geometric constant, which together with determine the viscosity effect of the steady flow forces. For the valve in Fig. 1 [4] , [5] (2) where and are the spool stem and the sleeve radii. Thus, small requires , i.e., a narrow flow channel. In conventional valves, the metering orifice momentum [first term in (1) ] is the most significant component of the steady flow force that the solenoid actuator must overcome. This term is especially significant when flow is large. The nonorifice port momentum and the viscous components are generally ignored. The damping length is typically designed to be positive in consideration of the stability of the transient flow forces [1] , [2] .
Our approach is to so design the valve geometry so as to utilize the nonorifice momentum and viscous components to cancel out the metering-orifice momentum component. Since the metering orifice momentum component is stable (in the sense that it tends to restore the orifice to the closed position), the nonorifice port momentum flux and the viscous components should be unstable. In particular, negative damping length will be needed. Incidentally, would also make the transient flow force to behave like negative damping, which is consistent with the strategy in [2] to use the unstable transient flow force to improve the spool's agility.
, and can be thought of as design parameters determined by the valve geometry [3] - [5] . In addition, should not be too large, nor too small, which would otherwise require that the valve be very long or the fluid channel to be very narrow. The coefficient for the nonmetering momentum flux must also lie within a feasible range. Physical constraints restrict that . Substituting the orifice equation where is the pressure drop across each orifice into (1), and defining the normalized orifice area to be , where is the maximum orifice area, we have (3) where . Notice that are constants for fixed pressure drop and viscosity .
Ideally, the steady flow force should be identically zero over the full range of the orifice opening (to minimize the load on the solenoid actuator). Therefore, the magnitude of the steady flow force in (3) should be minimized by the design. Because (i.e., it is an odd function), . Therefore, the valve design problem is to (4) with given by (3) . is restricted to be positive because of physical constraint.
is constrained to be negative to ensure that negative damping lengths are used in order that the transient flow force is also unstable [2] . Since and are always multiplied together in (3), optimization can be done with respect to . Once is obtained, the values of the valve geometry, and (hence ), and [hence in (2) ] can be assigned to keep the overall valve dimension reasonable. One can also impose feasible ranges for and so as to observe the restriction on the valve dimensions and on our ability to manipulate the nonmetering momentum flux coefficient .
III. NOMINAL OPTIMAL DESIGN
When the operating pressure and the fluid viscosity are constants and well known, the min-max problem in (4) is solved by (5) resulting in for any .
IV. ROBUST OPTIMAL DESIGN
In practice, operating conditions such as the pressure drop across the orifices and the dynamic viscosity in (3) vary within certain ranges.
varies with varying load even if the supply pressure is constant. Viscosity varies significantly with temperature of the hydraulic system. The valve design must cope with these variations. Since , i.e., we need only consider . Thus, the robust optimal design objective becomes (6) over the ranges of orifice opening , operating pressure and viscosity . In (6) , is given by (3) but now vary with and .
A. Perturbation Formulation
The orifice opening and the actual operating conditions can be written in terms of the nominal condition and weighted perturbations as where and are the nominal pressure and the nominal dynamic viscosity, are the corresponding weighting functions, are the normalized pressure and viscosity perturbations, is the variation in orifice area. Substituting these into (3), we have (7) where , and are constants. Let , and . Then, for each , by the mean value theorem (8) for some and, where for some (9) is introduced as an additional perturbation because is typically unknown when applying the mean value theorem. However, if deviation of from is expected to be small, then can be neglected. Using (8) , (7) can be expanded so that it is clearly affine in the products of the perturbations (10) where , with for . For example, , and .
B. LFT Representation
Equation (10) can be represented as a linear fractional transformation (LFT) as shown in Fig. 2 .
• The perturbations are modeled in a structured uncertainty matrix (11) where and . Notice that the th diagonal element for , but yet, 's are not all independent.
• The "controller" is defined to contain the design parameters and
• The "plant" is a real matrix of the form (13) where can be arbitrarily chosen, and is given by Then (10) will be exactly represented by the output of the closed-loop perturbed system in Fig. 2 given by (14) where the and are, respectively, the lower and upper LFT connections [7] . Note that is a function of due to the elements and .
Ideally, should not depend on . Unfortunately, for the problem at hand, cannot be completely pulled out. This issue can be dealt with in the synthesis step of determining the optimal .
Given a "controller" (or a design ), its worst case performance is given by (15) where the is taken over the set of uncertainties . For the perturbations considered in Section IV-A, where in Eq. (11) s.t.
Because of the introduction of is a conservative estimate of the worst case for a given design . The robust optimal design problem (6) can thus be approximated by one of finding the with the smallest worst case performance for the uncertainty set under consideration (17) The robust optimal geometry design problem has thus been converted into a robust optimal control synthesis problem for which synthesis tools such as synthesis or synthesis are available for certain uncertainty structures. The optimal design parameters can be retrieved back from the optimal "controller" . Unfortunately, synthesis tools are not available for the nonlinearly structured uncertainty set in (16). To proceed, can be embedded in the larger uncertainty sets of diagonally structured uncertainties, and full block unstructured uncertainties where Diagonal:
(18) Full block:
While the over-parameterization of the perturbations will result in conservative designs, synthesis tools are nevertheless more amenable.
In this paper, we focus on minimizing (15) with . This is a convex optimization problem so that a tight optimal solution can be obtained by utilizing and extending the result in [8] for static systems with full block uncertainty. On the other hand, the multiple scalar diagonally structured uncertainty problem is significantly more complicated. Since most synthesis tools rely on minimizing an upper bound of , and the upper bound for is known not to be tight (see [ Embedding the uncertainty set in either or involves significant over-parameterization. Thus, it is advantageous to reduce the dimension of . In the case study in Section V, we neglect all terms that include [introduced in (9) ], i.e., , since variations in being related to the second derivative of are not significant. This reduces the dimensions of from 13 to 9 and that of the "plant" from to . Further reduction can be achieved by considering the probability distribution of 's. If the 's are normally distributed with zero means, then high order product terms such as or are likely to be small and can, therefore, be neglected as well.
C. Synthesizing the Optimal "Controller"
In this section, we present a synthesis algorithm for the robust optimal design problem (17) for the full-block uncertainty set . In [8] , the authors present a method to synthesize a robust controller for the similar static system as in Fig. 2 . This algorithm was also utilized in [10] for the robust control of xerographic printing process. Nevertheless, the algorithm proposed in [8] cannot be used directly to solve robust design problem due to the following.
1) The robust performance index in [8] is of the form (20) which is different from (15) in that the size of the uncertainty set is not fixed.
2) The assumption in [8] that the static matrix must be independent of is not valid in our problem. A new algorithm for synthesizing the controller for the present situation is proposed as follows. The maximum eigenvalue is a convex function of its argument that is affine in or . It has been proven in [9] that the sets satisfying (22) and (23) are open intervals on the real line. Therefore, to check if a exists so that for a given , we need only check if the intervals intersect. The minimum is obtained when the two intervals intersect at exactly one point. This minimization can be found via a bisection search. Once a corresponding to a feasible is obtained, the controller can be synthesized by the following algorithm from [ The proof is complete.
Remark 1: The previous algorithm can be modified to find a suboptimal solution to the optimal robust design problem with diagonally structured uncertainties . In (27), the should be replaced by , and an alternate structure involving multiple scalars is needed. As mentioned earlier, the RHS of (27) is not a tight bound of . Nevertheless, an approximate solution can be obtained by minimizing the upper bound. Although the upper bound minimization problem with involving multiple scalars is not convex, an algorithm can be derived by successively keeping of the fixed, and by minimizing the remaining . Since this subproblem is convex, the procedure for can be applied. The quality of this solution can be evaluated by comparing it to a lower bound estimate of the upper bound in (27). For details of this approach, please see [11] and [12] .
V. CASE STUDY
A case study is conducted to compare the designs from the nominal optimal and the robust optimal design methods. Typical valve parameters are assumed. The maximum orifice area is 10 m , discharge coefficient is and the vena contracta angle is 69 . The valve is assumed to be connected to a double ended cylinder so that the flows into and out of the actuator are identical (see Fig. 1 ). The nominal supply pressure is assumed to be 10.3 MPa (1500 psi). We consider the load pressure to be in the range, 0-7.13 MPa (0-1000 Psi). Therefore, the pressure difference across each metering orifice is 3.42 MPa 1.71 MPa (500 Psi 250 Psi) [1] . Hence, the nominal pressure and the uncertainty weight are 3.42 MPa (500 psi), and . A typical hydraulic fluid (Mobil DTE Oil 970391) has a nominal dynamic viscosity 0.0375 kg/m/s at 40 C and 871 kg/m . The approximate relationship between temperature and viscosity is [1] (34) where 40 C is the reference temperature, is the dynamic viscosity at , and 0.0311 C for the Mobil DTE Oil. Assuming a temperature variation of 27 C-60 C, there is a 50% variation in , thus, . The nominal optimal design is found to be 0 Ns m and 1.476 10 m . The maximum steady flow force under the nominal operating condition is 5.16 10 Pa. The robust optimal designs and for the various uncertainty weights, for both the full block uncertainty computed using the algorithm in Section IV-B, and for the diagonally structured uncertainty using the Table I together with the predicted worst case steady flow force magnitude (as computed from for and the upper bound of for ). The following observations can be made. 1) The nominal optimal design uses the viscosity effect exclusively to zero out the steady flow force component due to the metering momentum flux. The nonmetering port momentum flux is not used. The resulting maximum steady flow force is nearly 0. 2) In the absence of uncertainty ( and ), the robust optimal design is the same as the nominal optimal design and the predicted worst case steady flow force . The discrepancy is due to the numerical accuracy of the iterative nature of robust design algorithm. 3) When uncertainties are accounted for, the robust optimal designs (computed for either the full block uncertainties or diagonally structured uncertainties) diverge from the nominal optimal design. The extent the designs diverge from the nominal design increases with the level of uncertainty. As the uncertainties in the orifice pressure drop and the viscosity increases from 0% to 50% of the nominal values, the robust optimal design gradually relies less on the viscosity effect and more on the nonmetering port momentum flux effect to reduce the overall steady flow force. 4) For zero uncertainty, the steady flow forces are nearly zero for the full range of orifice opening. As the level of uncertainty increases, it is more difficult to reduce the steady flow force under all circumstances. This is demonstrated by the increasing and as the level of uncertainty increases. 5) The various robust designs for both the full block uncertainty and diagonally structured uncertainty lie roughly on the same straight line (see Fig. 3 ). Thus, the optimal design for a certain level of uncertainty that assumes a full block uncertainty is similar to the optimal design that assumes a diagonally structured uncertainty but for a different level of uncertainty. To directly evaluate the "unstable" nominal optimal design and the two "unstable" robust optimal designs that assume either full block uncertainty or diagonally structured uncertainty, exhaustive simulations are conducted. The orifice pressure drops and the viscosity are varied by as much as 37.5%. The uncertainty weights of and are used for the robust optimal designs. The contour plots of as a function of for the three designs are plotted in Figs. 4-6 . With the nominal optimal design (see Fig. 4 ), when are exactly the nominal values, the steady flow force is exactly zero. However, when deviates from the nominal values by 37.5%, the steady flow force magnitude can be as large as 173 N. For the robust optimal design with full block uncertainty (see Fig. 5 ), and the same amount of perturbations, the worst case steady flow force magnitude is less than 94.9 N. This is only 40% of that predicted by 238.2 N in Table I (for the 37.5% uncertainty case). The discrepancy is due to the fact that the uncertainty structure is considered instead of . This is conservative because correlations between some uncertainty variables are ignored. Thus, some perturbation considered by the robust optimal method are in fact infeasible. For the robust optimal design with diagonally structured uncertainty (see Fig. 6 ), for the same amount of perturbations, the worst case steady flow force magnitude is less than 92.4 N. The upper bound for the predicted worst case is 187.8 N in Table I . Thus, the robust design that assumes a diagonally structured uncertainty, although still very conservative, is more realistic than the estimate by assuming a full block uncertainty. The optimal design for diagonally structured uncertainty has similar actual performance as the optimal design for the full block uncertainty. The difference between actual performance and estimated performance suggests that a more careful weeding out of the over-parameterization would be worthwhile.
To compare the "unstable" valve designs where to the more traditional design where , the contour plot of the maximum steady flow force for a stable valve with and port angle is 0 deg is shown in Fig. 7 . The worst case steady flow force magnitude is as large as 239.8 N which is more than double that for the robust "unstable" valve designs. This validates the usefulness of using the "unstable" steady flow force to reduce the overall steady flow force.
VI. PHYSICAL IMPLEMENTATION
Based on the robust optimal designs in Fig. 3 , we design the prototype of an unstable valve. Fig. 8 shows the prototype valve assembly with a standard CETOP5 port interface for a flow rating of 24 L/min (rated at 10 MPa ( 1500 psi) across the valve, i.e., 5 MPa drop across each metering orifice). The nonmetering ports consist of eight circular 6-mm diameter holes distributed over the circumference of the valve sleeve. The valve differs from a conventional design in that it is configured to have: 1) a negative damping length , with and determined by the robust optimal design; 2) the nonmetering port angle (set to be 0 in conventional designs) is set so that the desired nonmetering port momentum flux coefficient is achieved; and 3) the diameter of the spool stem which determines will also be obtained from the robust optimal design.
Notice that the robust designs for the various uncertainties lie roughly on a straight line (see Fig. 3 ). The design parameters cannot be too large to be physically implementable. We choose 5.6 10 Ns m 8 10 m. This corresponds roughly to the robust design for the 31.5% diagonally structured uncertainty case (or 27% full block uncertainty case). We need to determine the geometric parameters , and (see Figs. 1 and 8 ). The length of the valve is roughly equal to that should not be too large. By choosing 70 mm and 10 mm, we achieve a damping length of 60 mm and a total valve length of 0.16 m.
is then computed from m
The valve sleeve diameter is set to 18 mm to conform to a typical conventional valve. From and (2), the spool stem diameter is 16.6 mm. Since the relationship between the nonmetering port angle and the inlet/outlet/total nonmetering port momentum flux coefficients , and cannot be determined analytically, a series of computational fluid dynamic (CFD) experiments are conducted. The relationship between and the momentum flux coefficients is shown in Table II. From Table II, the desired  optimal is achieved with a port angle of 30 . For nonextreme values of , one can linearly interpolating the values in Table II. In summary, the robust design method gives the geometric parameters:
18 mm 16.6 mm 70 mm 10 mm and 30 . A prototype valve that incorporates the unstable flow force effects was manufactured. Due to other manufacturing constraints, the exact geometry has to be modified somewhat from the optimal design. To demonstrate the improved performance of the prototype valve, a size three solenoid is used to drive the valve. The valve is compared to a conventional commercial valve with a neutral/stable damping length which has a similar flow rating but is driven by a larger size five solenoid. The detailed description of the design, modeling, and testing of the prototype valve can be found in [11] . It was experimentally demonstrated that despite the smaller solenoid, the prototype valve has a dc gain which is higher and a step response which is faster than the commercial valve.
VII. CONCLUSION
In this paper, the robust control design methodologies are applied to the robust physical design of systems. Specifically, the dimensions of an "unstable" valve where induced unstable steady flow forces are utilized to reduce the overall steady flow force that limit performance of single stage electrohydraulic valves. After an appropriate over-parameterization of the uncertainties, the robust optimal design problem is solved by designing an optimal controller for some static plant with structured uncertainty. The algorithm extends previous result in that the static plant to be controlled and the controller parameters do not need to be completely separated in the LFT representation. Comparison of the nominal optimal and robust optimal designs shows that under the nominal conditions, the steady forces can be totally neutralized by using the viscosity effect. In the presence of uncertainties, the robust optimal design utilizes both the viscosity effect and the nonorifice flux effect to optimize the steady flow force. The robust optimal design is then used for specifying the parameters of a valve prototype. The design is shown to outperform both the nominal optimal unstable valve design and a convention stable valve design.
Many hardware design problems need to address robustness issues that control systems design routinely deal with. This paper is a successful demonstration of how robust control design methodology can be used to solve robust physical design problems.
